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This paper studies a numerical solution of multiple crack problem in a ﬁnite plate using coupled integral
equations. After using the principle of superposition, the multiple crack problem in a ﬁnite plate can be
converted into two problems: (a) the multiple crack problem in an inﬁnite plate and (b) a usual boundary
value problem for the ﬁnite plate. For the former problem, the Fredholm integral equation is used. For the
latter problem, a BIE based on complex variable is suggested in which a Cauchy singular kernel exists. For
the proposed BIE, after using the inverse matrix technique, the dependence of the traction at a domain
point from the boundary tractions is formulated indirectly. This is a particular advantage of the present
study. Several numerical examples are provided and the computed results for stress intensity factor and
T-stress at crack tips are given.
 2011 Elsevier Ltd. All rights reserved.1. Introduction ﬁnite plate. After using the principle of superposition, the originalThe multiple crack problem in an inﬁnite plate was proposed
and formulated in an earlier years (Panasyuk et al., 1977; Savruk,
1981; Gross, 1982). For example, a singular integral equation was
suggested to solve the problem by Panasyuk et al. (1977). Later,
many types of integral equations including the Fredholm integral
equation were suggested to solve the problem by (Chen, 1984,
1995; Chen et al., 2003).
The multiple crack problem in a ﬁnite plate is generally more
complicated than that in an inﬁnite plate, and a few papers were
devoted to this topic. An efﬁcient dual boundary element tech-
nique was suggested to solve the problem by Chen and Chen
(1995). However, the T-stress evaluation at crack tips was not in-
cluded in those papers. The T-stress evaluation in the multiple
crack problem was carried out more recently by Chen et al. (2009).
An analytical method based on the principle of continuous dis-
tribution of dislocations to model curved cracks in solids of arbi-
trarily shaped ﬁnite geometries was suggested by Han and
Dhanasekar (2004). The problem for a single crack in a rectangular
plate was solved numerically. A kind of hybrid crack element was
developed to solve the central crack problem in a ﬁnite plate by
Karihaloo and Xiao (2001). An efﬁcient method for simultaneous
estimation of the mixed-mode stress intensity factors and T-stres-
ses using ﬁnite element computations was suggested by Jogdand
and Murthy (2010).
In this paper, the multiple crack problem in a ﬁnite plate is
studied. Some loadings may be applied along the boundary ofll rights reserved.
), wzx-5566@163.com (Z.X.problem can be reduced to a problem such that the boundary
of ﬁnite plate is of traction free and some loadings are applied
on the crack faces. Furthermore, the superposition method is
also used in the solution of the boundary value problem. In
the method, the stress ﬁeld is decomposed into two stress ﬁelds.
The ﬁrst stress ﬁeld is deﬁned in the inﬁnite region, which is
exterior to the multiple cracks. For the ﬁrst stress ﬁeld, a Fred-
holm integral equation is suggested to consider the interaction
among cracks. The unknowns in the Fredholm integral equation
are the tractions on the crack faces, and their inﬂuences at any
point are easy to evaluate. The second stress ﬁeld is deﬁned in
a ﬁnite region without crack. In the second stress ﬁeld, a BIE
based on complex variable is suggested and used (Chen and
Lin, 2010). It is known that in the usual BIE there is a Cauchy
singular kernel, which is cited below in the left side of Eq.
(13). In this sense, the proposed method belongs to one based
the coupled integral equations. In the coupled integral equations,
one is the Fredholm integral equation and the other is the usual
boundary integral equation.
However, people may meet some difﬁculties in the process of
connecting two kinds of problem. In the usual BIE, only the bound-
ary displacement links to the boundary traction, and no relation
between traction at a domain point to the tractions along the
boundary has been derived directly. This difﬁcult point is over-
come in the present study. In fact, in the usual formulation of
BIE, the traction at a domain point will depend on the boundary
tractions and displacements. In the present paper, after using the
inverse matrix technique, the dependence of the traction at a do-
main point to the boundary tractions is established. The procedure
means that the traction inﬂuence at any point caused by the
boundary tractions can be formulated in a straightforward way.
Fig. 2. Superposition method for the multiple crack problem: (a) the original
problem, (b) superposition by many cracks with the undetermined tractions.
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ing two types of the integral equation, the proposed problem can
be solved accordingly. Finally, several numerical examples are pro-
vided to prove the efﬁciency of the suggested method. Both the
stress intensity factors and T-stress are evaluated in the examples.
2. Analysis
Analysis presented below mainly depends on two kinds of inte-
gral equation. Therefore, preliminary knowledge for those integral
equations is introduced below. For the case of two cracks in a ﬁnite
plate, the solution procedure based on the coupled integral equa-
tions is suggested in details.
2.1. Fredholm integral equation for multiple crack problem in an
inﬁnite plate
In a single crack problem in an inﬁnite plate (Fig. 1), the loading
on the crack face is denoted by
ðry  irxyÞ ¼ PðtÞ  iQðtÞ; jtj < a ð1Þ
For this problem, the complex potentials can be obtained in a closed
form (Chen, 1995; Chen et al., 2003).
From the obtained complex potentials, we can get their inﬂu-
ence at any domain point. Assume that there is a square element
at the point ‘‘z’’, and the element has an inclined angle b with
the horizontal line (Fig. 1a). The traction rN + irNT at a point ‘‘z’’
for an element with inclined angle b can be obtained as follows
(Chen, 1995; Chen et al., 2003)
rN þ irNT ¼  12pi
Z a
a
½PðtÞ  iQðtÞ½Gðz; tÞ
þ expð2ibÞGðz; tÞXðtÞdt  1
2pi
Z a
a
½PðtÞ þ iQðtÞ
 ½ð1 expð2ibÞÞGðz; tÞ þ expð2ibÞðz
 zÞG0ðz; tÞXðtÞdt ð2Þ
where
Gðz; tÞ ¼ 1
XðzÞðz tÞ ; G
0ðz; tÞ ¼ a
2 þ tz 2z2
ðXðzÞÞ3ðz tÞ2 ;
XðzÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p ð3Þ
In Eq. (3), the argument ‘‘t’’ in the function G(z, t) is considered as a
parameter, or the function G(z, t) is a complex variable function with
respect to the variable ‘‘z’’. Therefore, the function G0(z, t) is deﬁned
by G0(z, t) = dG(z, t)/dz.
For the multiple crack problem with N cracks shown in Fig. 2a,
the boundary conditions can be expressed by
ðry  irxyÞk ¼ pkðskÞ  iqkðskÞ ðjskj < ak; k ¼ 1;2; . . .NÞ ð4ÞFig. 1. Loading on crack face with same magnitude and opposite direction: (a) rN,
rNT components at a point ‘‘z’’, (b) rN, rNT components at a crack tip.where pk(sk) and qk(sk) are the normal and shear stresses which are
expressed in the local coordinates xkokyk. The local coordinate xkokyk
is deﬁned such that: (a) the original point ok has a complex value zko
in the xoy coordinate, (b) the okxk has an inclined angle ak with re-
spect to the horizontal line (Fig. 2a).
The multiple crack problem shown in Fig. 2a can be considered
as a superposition of N single crack problems (Fig. 2b), with unde-
termined tractions on cracks
ðry  irxyÞk ¼ PkðskÞ  iQkðskÞ ðjskj < ak; k ¼ 1;2; . . .NÞ ð5Þ
Simply considering the interaction among cracks and using Eq.
(2), a system of Fredholm integral equations is obtained as follows
(Chen, 1995; Chen et al., 2003)
PkðskÞ  iQkðskÞ þ
XN
j¼1
0
Z aj
aj
½PjðsjÞ  iQ jðsjÞCjkðsj; skÞdsj
þ
XN
j¼1
0
Z aj
aj
½PjðsjÞ þ iQ jðsjÞDjkðsj; skÞdsj ¼ pkðskÞ  iqkðskÞ;
ðjskj < ak; k ¼ 1;2; . . .NÞ ð6Þ
where
Cjkðsj; skÞ ¼ XjðsjÞ2pi Gjðtjk; sjÞ þ expð2iðaj  akÞÞGjðtjk; sjÞ
h i
Djkðsj; skÞ ¼ XjðsjÞ2pi ð1 expð2iðaj  akÞÞÞGjðtjk; sjÞ
h
þ expð2iðaj  akÞÞðtjk  tjkÞG0jðtjk; sjÞ
i
ð7ÞGjðz; sÞ ¼ 1XjðzÞðz sÞ ; G
0
jðz; sÞ ¼
a2j þ sz 2z2
ðXjðzÞÞ3ðz sÞ2
;
tjk ¼ expðiajÞðzko þ sk expðiakÞ  zjoÞ; XjðzÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2j
q ð8Þ
In Eq. (6), the prime in
PN
j¼1
0 means that the term j = k should be ex-
cluded in the summation. Also, the meaning of ak, zko, sk and ak
(k = 1,2, . . . ,N) has been indicated in Fig. 2. Physically, the kernels
Cjk(sj,sk) and Djk(sj,sk) represent the traction inﬂuence on the kth
crack caused by the traction applied on the jth crack.
After solving the Fredholm integral equation (6), the tractions
Pk(sk), Qk(sk) (k = 1,2, . . . ,N) on the individual crack can be evalu-
ated immediately.
Fig. 3. An interior boundary value problem.
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at the crack tips ‘‘A’’ and ‘‘B’’ in Fig. 1 can be evaluated by (Savruk,
1981; Chen, 1995; Chen et al., 2003)
ðK1  iK2ÞA ¼ 
1ﬃﬃﬃﬃﬃﬃ
pa
p
Z a
a
ðPðtÞ  iQðtÞÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a t
aþ t
r
dt
ðK1  iK2ÞB ¼ 
1ﬃﬃﬃﬃﬃﬃ
pa
p
Z a
a
ðPðtÞ  iQðtÞÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aþ t
a t
r
dt
ð9Þ
where the subscript A (or B) is for left (or right) crack tip, respec-
tively (Fig. 2).
Generally, in Eq. (9), the SIFs are deﬁned by ðK1  iK2ÞA ¼
limx<a x!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pjxþ ajp ðry  irxyÞ and ðK1  iK2ÞB ¼ limx<a x!aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx aÞp ðry  irxyÞ for the left and right crack tip, respectively.
Comparing with evaluation for the SIFs, the T-stress evaluation
at the crack tips is more complicated. In this case, the T-stress at a
crack tip is composed of two portions. The ﬁrst portion of T-stress
is coming from the crack itself. After some manipulations, the
T-stresses at the crack tips A and B in Fig. 1 can be evaluated by
(Chen et al., 2009)
TA ¼ PðaÞ; ðfor the left crack tip \A"Þ
TB ¼ PðaÞ; ðfor the right crack tip \B"Þ
ð10Þ
The P(a) and P(a) values can be evaluated by the following extrap-
olation formulae (Savruk, 1981; Chen, 1995; Chen et al., 2003)
PðaÞ ¼ 1
M
XM
j¼1
ð1ÞjþMPðtjÞ tanðð2j 1Þp=4MÞ
PðaÞ ¼ 1
M
XM
j¼1
ð1Þjþ1PðtjÞ cotðð2j 1Þp=4MÞ
ð11Þ
where
tj ¼ a cos ð2j 1Þp2M ðj ¼ 1;2; . . .MÞ ð12Þ
In Eqs. (11) and (12), M denotes an integer number used in the
quadrature rule (Savruk, 1981; Chen, 1995; Chen et al., 2003).
In the meantime, the second portion of T-stress is coming from
an inﬂuence of other cracks. This portion of T-stress can be evalu-
ated by using Eq. (2) (see Fig. 1b).
The above-mentioned derivation provides the necessary knowl-
edge for evaluating the T-stress and stress intensity factor for the
interacting cracks in an inﬁnite plate. In addition, the derivation
is also useful in the crack problem of a ﬁnite plate.
In the general theory of the multiple crack problem, the de-
rived complex potentials have reﬂected the singular properties
of stresses at the front position of crack tip (Chen, 1995). This
point can be seen from Eq. (2). In fact, when we move the obser-
vation point, or the point ‘‘z’’ in Fig. 1, from a domain point to
the place just ahead of the crack tip, a singular behavior for
stresses will be found which is coming from the involved
G(z, t) and G0(z, t) terms.
In the discretization of the Fredholm integral equation (6), M
denotes an integer number used in the quadrature rule. Therefore,
the mesh reﬁnement in the multiple crack problem is actually con-
trolled by the number for integration, or the M value in Eq. (11).
The formulation here is same as suggested previously for the
multiple crack problem in an inﬁnite plate (Chen, 1995). However,
this formulation is not enough to solve the crack problem in a ﬁnite
plate.
2.2. Boundary integral equation for an interior problem
Recently, a boundary integral equation for an interior region
using complex variable was suggested by Chen and Lin (2010),which is equivalent to the formulation based on real variable
(Cheng and Cheng, 2005; Brebbia et al., 1984). Some relevant for-
mulations based on complex variable can be referred to Chen
et al. (1995), Mogilevskaya (2000), Kolte et al. (1996), Chen and
Chen (2000), and Linkov (2002). The suggested BIE is more
straightforward, since all involved arguments are expressed in an
explicit form.
The suggested boundary integral equation for the interior prob-
lem takes the following form (Fig. 3)
UðtoÞ
2
þ B1i
Z
C
j 1
t  to UðtÞdt  L1ðt; toÞUðtÞdt þ L2ðt; toÞUðtÞdt
 
¼ B2i
Z
C
2j ln jt  tojQðtÞdt þ t  tot  to QðtÞd
t
 
; ðto 2 CÞ ð13Þ
where
UðtÞ ¼ uðtÞ þ ivðtÞ; QðtÞ ¼ rNðtÞ þ irNTðtÞ; ðt 2 CÞ ð14Þ
B1 ¼ 12pðjþ 1Þ ; B2 ¼
1
4pGðjþ 1Þ ð15Þ
L1ðt; sÞ ¼  ddt ln
t  s
t  s
 
¼  1
t  sþ
1
t  s
dt
dt
L2ðt; sÞ ¼ ddt
t  s
t  s
 
¼ 1t  s
t  s
ðt  sÞ2
dt
dt
ð16Þ
and where G denotes the shear modulus of elasticity, j = 3  4m in
plane strain case, and m the Poisson’s ratio. In Eq. (13),
Q(t) = rN(t) + irNT(t) denotes the traction applied on the boundary,
U(t) = u(t) + iv(t) the boundary displacements, and C the boundary
of ﬁnite plate (Fig. 3).
In the traction boundary value problem, the boundary traction
Q(t) = rN(t) + irNT(t) is given beforehand, and the boundary dis-
placements U(t) = u(t) + iv(t) will be obtained after solving the
boundary integral equation.
In addition, the traction at an inner point s can be evaluated by
(Chen and Lin, 2010)
1
2G
QðsÞ ¼ 2B1i
Z
C
1
ðt  sÞ2
UðtÞdt  B1i
Z
C
M1ðt; sÞUðtÞdt
þ B1i
Z
C
M2ðt; sÞUðtÞdt þ B2i
Z
C
j 1
t  s QðtÞdt
þ B2i
Z
C
jK1ðt; sÞQðtÞdt þ B2i
Z
C
K2ðt; sÞQðtÞdt ðs 2 SþÞ ð17Þ
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K1ðt; sÞ ¼ dds ln
t  s
t  s
 
¼  1
t  sþ
1
t  s
ds
ds
;
K2ðt; sÞ ¼  dds
t  s
t  s
 
¼ 1t  s
ðt  sÞ
ðt  sÞ2
ds
ds
ð18Þ
M1ðt; sÞ ¼  ddt fK1ðt; sÞg ¼ 
d
ds
d
dt
ln
t  s
t  s
  
¼  1ðt  sÞ2
þ 1
ðt  sÞ2
dt
dt
ds
ds
;
M2ðt; sÞ ¼  ddt fK2ðt; sÞg ¼
d
ds
d
dt
t  s
t  s
  
¼ 1
ðt  sÞ2
dt
dt
þ ds
ds
 
 2ðt  sÞ
ðt  sÞ3
dt
dt
ds
ds
ð19Þ
In Eqs. (18) and (19), ‘‘t’’ denotes a point on the boundary and t
is a conjugate value of ‘‘t’’. Generally, we take ‘‘dt’’ along the tan-
gent of boundary, and dt represents a conjugate of ‘‘dt’’ ( Fig. 3).
In addition, s denotes a domain point and s is a conjugate value
of s. ds denotes a direction segment and ds represents a conjugate
of ds (Fig. 3).
The formulation based on the BIE (13) and the traction expres-
sion (17) are same as suggested previously (Chen and Lin, 2010).
However, this formulation is not enough to solve the crack prob-
lem in a ﬁnite plate simply because it is only valid for a ﬁnite plate
without crack.
From above-mentioned derivation we see that there is no direct
relation between the traction Q(s) = rN(s) + irNT(s) at a domain
point s (s 2 S+) to that Q(t) = rN (t) + irNT(t) on the boundary point
t (t 2 C). Alternatively speaking, the relation between Q(s) =
rN(s) + irNT(s) (s 2 S+) and Q(t) = rN(t) + irNT(t)(t 2 C) has to evalu-
ate indirectly.
In order to get an explicit form for the relation between
Q(s) = rN(s) + irNT(s)(s 2 S+) andQ(t) = rN(t) + irNT(t)(t 2C), the fol-
lowing inverse matrix technique is suggested in the computation.
After discretization of Eq. (13), the relevant BIE can be reduced
to an algebraic equation
½Hfug ¼ ½Gfqg ð20Þ
where the vector {u⁄} is composed of ‘‘u’’ and ‘‘v’’ components in
many discrete points along the boundary C, and the vector {q} is
composed of rN and rNT components in many discrete points along
the boundary C. Eq. (20) is expressed in a matrix form.
In Eq. (20), the matrix [H] is derived from a discretization of the
left hand side of Eq. (13), which represents an integration operator
(note, here one should include the free term U(to)/2) acting upon
the boundary displacement. Similarly, the matrix [G] is derived
from a discretization of the right hand side of Eq. (13), which rep-
resents an integration operator acting upon the boundary traction.
In the following computation, a constant value is assumed for dis-
placement and traction for each boundary element.
In addition, after discretization of Eq. (17), the traction compo-
nent at a domain point s can be expressed as (Fig. 3)
fqsg ¼ ½Hsfug þ ½Gsfqg ð21Þ
where {qs} is composed of rN and rNT components at a domain
point s in Fig. 3.
In fact, the BIE for an interior BVP has been shown by Eq. (20),
where the displacement vector {u⁄} and the traction vector are de-
ﬁned along the boundary C (Fig. 3). Secondly, the traction {qs} at a
domain point s can be determined by Eq. (21).
Usually, for evaluating the traction {qs} at a domain point s, we
need to take the following steps: (a) inputting the known data for
traction {q} in Eq. (20), one can get a solution for displacementvector {u⁄}. (b) inputting the known traction vector {q} and the dis-
placement vector {u⁄} (note, {u⁄} is obtained from a solution of Eq.
(20)), we can evaluate the traction {qs} at a domain point s. From
above-mentioned steps we see that there is no direct relation for
the traction {qs} at a domain point s from the traction vector {q}
deﬁned on the boundary C. In the paper, after using the inverse
matrix technique, the inconvenient point has been overcome.
Physically, when some boundary tractions Q(t) which are in
equilibrium are substituted in the right hand side of Eq. (13), we
will obtain many solutions for boundary displacement U(t) from
Eq. (13). Among many solutions for the boundary displacement,
they may be differing each other by three modes of rigid motion.
It is known that when the boundary is of traction free, there are
three trivial solutions for displacements: (a) u = const, v = 0, (b)
u = 0, v = const and (c) u = cy, v = cx (c-const). Those solutions
represent three modes of rigid motion.
In the process of discretization of BIE (13), the relevant property
still exists. In fact, for an interior boundary value problem, the ma-
trix [H] is not invertible, or it is singular. In this case, we can as-
sume some support conditions at two boundary points in Fig. 3
so as to eliminate three degrees of freedom for rigid movement
(Fig. 3). Under the additional conditions, or some support condi-
tions at two boundary points in Fig. 3, the matrix [H] becomes
invertible, and from Eq. (20) we have
fug ¼ ½H1 ½Gfqg ð22Þ
In Eq. (22), [H1] is an inverse matrix of [H]. In real computa-
tion, if the condition, for example v = 0, is assumed on some node
and the numbering of unknown is ‘‘j’’, we simply let the element
Hjj be a huge value, for example Hjj = 1035.
Substituting (22) into (21) yields
fqsg ¼ ½Bfqg ð23Þ
where
½B ¼ ½Hs½H1 ½G þ ½Gs ð24Þ
From Eqs. (23) and (24) we see that, the {qs} component (com-
posed of rN(s), rNT(s), s 2 S+) and {q} component (composed of
rN(t), rNT(t), t 2C) has a relation. The suggested inverse matrix
technique provides a particular advantage in the present analysis.
Since all the matrix [Hs], [H1], [G] and [Gs] can be derived before-
hand, it is natural to obtain the matrix [B] from Eq. (24).
The merit of Eq. (23) is introduced as follows. Once the bound-
ary traction vector {q} is given beforehand or is evaluated numer-
ically, the traction component {qs} at a domain point s (s 2 S+) can
be evaluated immediately by using Eq. (23). In addition, the matrix
[B] in Eq. (23) is composed of four matrices, namely, [H1], [G], [Hs]
and [Gs]. It is known that the matrices [H1] (or [H]) and [G] are
coming from the BIE (13). In addition, the matrices [Hs] and [Gs]
are coming from Eq. (17) which is an expression of traction for a
domain point. Therefore, the matrix [B] has cooperated the proper-
ties arising from Eqs. (13) and (17).
2.3. Interaction between two coupled integral equations and
numerical solution
It is assumed that a line crack is embedded in a ﬁnite rectangu-
lar plate and the edges of plate are of traction free (Fig. 4a). The
loading applied on the crack face is denoted by rN + irNT. Thus,
we can propose the following boundary condition
rN þ irNT jalong crack face ¼ PoðtÞ þ iRoðtÞ ð25Þ
where the loading Po(t) + iRo(t) in the complex variable is given
beforehand. It preferable to write the loading on many discrete
points tj (j = 1,2, . . . ,M) on crack face by
Fig. 4. (a) The original problem with loading on crack face, (b) A single crack
problem in an inﬁnite plate, (c) A ﬁnite plate with loading on edges of plate.
Fig. 5. Two cracks in a ﬁnite plate.
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ðalong the crack faceÞ ð26Þ
The original problem shown by Fig. 4a can be considered as a
superposition of two particular problems shown by Fig. 4b and c,
respectively. The ﬁrst one is a single crack problem in an inﬁnite
plate with the following generalized loading {x} on crack face
(Fig. 4b), which is deﬁned by
fxg ¼ frNðt1ÞrNTðt1Þ . . .rNðtjÞrNTðtjÞ . . .rNðtMÞrNTðtMÞg
ðdefined along the crack faceÞ ð27Þ
Under the action of the loading {x} on crack face, the traction on
the four edges of plate is denoted by [C]{x}, where the matrix [C]
represents an inﬂuence matrix. Clearly, the matrix [C] can be eval-
uated by a solution of the simple crack problem shown by Eq. (2).
In the problem shown by Fig. 4c, the traction in the edges of
plate is generally not vanishing. Thus, we can propose a boundary
value problem shown by Fig. 4c. In the problem, along the edges of
rectangular plate without crack, the following loading {q} is
applied
fqg ¼ frNðs1ÞrNTðs1Þ . . .rNðsjÞrNTðsjÞ . . .rNðsKÞrNTðsKÞg
ðdefined along edges of plateÞ ð28Þ
where sj (j = 1,2,3 . . . ,K) denotes many discrete points on the edges
of plate (Fig. 4c). Clearly, the boundary traction {q} will cause some
traction along the prospective site of crack. The inﬂuenced traction
on the crack face is denoted by [B]{q}. The matrix [B] can be evalu-
ated by a solution of a boundary integral equation, which has been
derived by using Eqs. (20)–(24).
From the loading condition along the crack face (Fig. 4), we have
fxg þ ½Bfqg ¼ ffog ðfrom loading condition along crack faceÞ
ð29Þ
Since the edges of plate are of traction free in the original problem
(Fig. 4), we also have
½Cfxg þ fqg ¼ f0g
ðfrom the traction free condition along edges of plateÞ ð30Þ
In the case of two cracks in a ﬁnite plate shown by Fig. 5, we can
complete similar derivation. In this case, the known vector {x} is
deﬁned byfxg ¼ rð1ÞN ðt1Þrð1ÞNT ðt1Þ; ::rð1ÞN ðtM1 Þrð1ÞNT ðtM1 Þrð2ÞN ðt1Þrð2ÞNT ðt1Þ; ::rð2ÞN ðtM2 Þ
n
rð2ÞNT ðtM2 Þ
o
ðdefined along the two crack facesÞ ð27aÞ
where for example, the elements rð1ÞN ðt1Þrð1ÞNT ðt1Þrð2ÞN ðt1Þrð2ÞNT ðt1Þ are
deﬁned on the ﬁrst and second crack faces, respectively. In addition,
the given loading {fo} on crack faces should make a similar modiﬁ-
cation. In the meantime, Eq. (29) should modify to
½Afxg þ ½Bfqg ¼ ffog
ðfrom loading condition along two crack facesÞ ð29aÞ
In addition, Eq. (30) is still valid in the present case.
From the discretization of the coupled integral equations, we
may summarize the obtained algebraic equations for the case
two cracks in a ﬁnite plate as follows
½Afxg þ ½Bfqg ¼ ffog
ðfrom loading condition along two crack facesÞ
ð31Þ
½Cfxg þ fqg ¼ f0g
ðfrom the traction free condition along edges of plateÞ
ð32Þ
There are three matrices [A], [B] and [C] in the simultaneous alge-
braic equations. The roles of those matrices are introduced in details
below.
For the case of two cracks in a ﬁnite plate, elements of the ma-
trix [A] represent, for example, the traction inﬂuences on 1st crack
from the crack itself (or 1st crack) and from 2nd crack. Thus, all ele-
ments in the matrix [A] can be evaluated immediately by using
Eqs. (2)–(8).
Elements of the matrix [B] represent the traction inﬂuences on
two crack faces caused by the tractions applied on edges of plate
(or {q}). Clearly, all elements in the matrix [B] can be evaluated
by using the results in BIE, from Eqs. (20)–(24).
In addition, elements of the matrix [C] represent the traction
inﬂuences on edges of plate caused by the tractions applied on
two crack faces Clearly, all elements in the matrix [C] can be eval-
uated by using the results from Eq. (2).
Substituting Eq. (32) into (31) (or {q} = [C]{x}) yields
½Dfxg ¼ ffog ð33Þ
where
½D ¼ ½A  ½B½C ð34Þ
Fig. 6. (a) A square cracked plate with an inclined crack, (b) Two parallel cracks in a rectangular plate, (c) Two inclined cracks in an elliptic plate, (d) A rectangular cracked
plate.
Table 1
Non-dimensional stress intensity factors F1A(a), F1B(a), F2A(a), F2B(a) and T-stresses GA
(a), GB(a) for an inclined crack in a square cracked plate (see Fig. 6a and Eqs. (35) and
(36)).
a (degree) F1A F1B F2A F2B GA GB
0.0 1.5732 1.8339 0.0484 0.1204 1.3406 2.3923
0.0a 1.5944 1.8309 0.0415 0.1356 1.3715 2.2875
10.0 1.5219 1.8175 0.2401 0.1314 1.2363 2.3060
10.0a 1.5398 1.7993 0.2525 0.1297 1.2647 2.1836
20.0 1.3838 1.6374 0.4335 0.3853 1.0129 1.8207
20.0a 1.3998 1.6436 0.4443 0.3760 1.0270 1.8294
30.0 1.1753 1.3914 0.5764 0.5742 0.6858 1.3004
30.0a 1.1875 1.4061 0.5905 0.5803 0.6881 1.3621
40.0 0.9201 1.0977 0.6510 0.6808 0.3014 0.7560
40.0a 0.9271 1.1098 0.6645 0.7005 0.2964 0.7984
50.0 0.6510 0.7931 0.6462 0.6862 0.0875 0.2849
50.0a 0.6567 0.8028 0.6538 0.7018 0.0923 0.2957
60.0 0.4036 0.5083 0.5652 0.6152 0.4368 0.1058
60.0a 0.4098 0.5195 0.5686 0.6251 0.4380 0.0889
70.0 0.1994 0.2536 0.4210 0.4763 0.7200 0.5100
70.0a 0.2055 0.2610 0.4227 0.4838 0.7185 0.5089
80.0 0.0586 0.0691 0.2264 0.2632 0.9169 0.8556
80.0a 0.0627 0.0697 0.2275 0.2665 0.9134 0.8693
90.0 0.0000 0.0000 0.0000 0.0000 1.0000 1.0000
90.0a 0.0000 0.0000 0.0000 0.0000 1.0000 1.0000
a From Chen et al. (2008).
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solution for {q} will be obtained immediately by using Eq. (32).
From obtained solution for {x} which represents the loading ap-
plied on two crack faces, we will obtain the SIFs at crack tips imme-
diately by using Eq. (9).
However, the evaluation of the T-stress at the crack tips is more
complicated. Taking one crack tip of the ﬁrst crack as an example
(Fig. 6), the relevant T-stress is composed of three parts. The ﬁrst
part is coming from the traction solution of ﬁrst crack, which can
be evaluated by using Eqs. (10)–(12). The second part is coming
from the traction solution of second crack, which can be evaluated
by using Eq. (2). The third part is coming from the traction solution
along edges of plate (or {q}), which can be evaluated by using Eqs.
(23) and (24).
Therefore, evaluation of the T-stress and stress intensity factor
in the interacting cracks can be carried out from the above-men-
tioned derivation.
3. Numerical examples
Several numerical examples are provided to prove the efﬁciency
of the suggested method. In all numerical examples, the plane
strain condition is assumed.
In all numerical examples presented below (Fig. 6), the crack
faces are of traction free and tractions are applied along the bound-
ary. Clearly, after using the principle of superposition and introduc-
ing a particular solution for the ﬁnite plate, thementioned problems
can be converted into a problem formulated in the Section 2.
Example 1. The ﬁrst example is devoted to examine the achieved
accuracy for the suggested method (Fig. 6a). In the example, we
assume that the square cracked plate has a uniform loading p
applied at the top and bottom edges and the crack is in an inclined
position. The width and the height of the plate is 2b. We choose
c = 0.25b and a = 0.6b.M = 15 discrete points are assumed along the
crack face for solving the Fredholm integral equation for crack
problem. 60 divisions are assumed for the solution of BIE.For the following cases: a = 0,10, . . .90 (degree), the computed
results for SIFs and T-stresses at crack tip ‘‘A’’ and ‘‘B’’ are expressed
asK1A ¼ F1AðaÞp
ﬃﬃﬃﬃﬃﬃ
pa
p
; K1B ¼ F1BðaÞp
ﬃﬃﬃﬃﬃﬃ
pa
p
K2A ¼ F2AðaÞp
ﬃﬃﬃﬃﬃﬃ
pa
p
; K2B ¼ F2BðaÞp
ﬃﬃﬃﬃﬃﬃ
pa
p ð35Þ
TA ¼ GAðaÞpTB ¼ GBðaÞp ð36Þ
The computed results are listed in Table 1. This example was stud-
ied previously using eigenfunction expansion variational method
Table 2
Non-dimensional stress intensity factors F1A(a/b,e/b), F2A(a/b,e/b) and T-stresses GB(a) for two parallel cracks in a staking position (see Fig. 6b and Eqs. (37) and (38)).
a/b e/b
0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
F1A(a/b,e/b)
0.2 0.8754 0.9672 1.0039 1.0226 1.0368 1.0543 1.0854 1.1617
0.5 0.9368 1.0307 1.1162 1.1833 1.2445 1.3296 1.4803 1.7856
0.8 1.4645 1.6465 1.7487 1.8173 1.8852 2.0075 2.2906 2.9949
F2A(a/b,e/b)
0.2 0.0625 0.0165 0.0065 0.0038 0.0037 0.0055 0.0112 0.0327
0.5 0.1472 0.0951 0.0610 0.0430 0.0444 0.0669 0.1185 0.2511
0.8 0.2366 0.2005 0.1369 0.0986 0.1131 0.1898 0.3579 0.6635
GA(a/b,e/b)
0.2 0.9445 0.9605 0.9955 1.0216 1.0424 1.0617 1.0829 1.1113
0.5 1.3230 1.1706 1.1807 1.2363 1.2915 1.3383 1.3342 1.0483
0.8 2.5680 2.5407 2.5118 2.4842 2.4467 2.3788 2.1974 1.3829
Table 3
Non-dimensional stress intensity factors F1A(a), F1B(a), F2A(a), F2B(a) and T-stresses
GA(a), GB(a) for two inclined cracks in an elliptic cracked plate (see Fig. 6c and Eqs.
(39) and (40)).
a (degree) F1A F1B F2A F2B GA GB
0 1.5600 1.4321 0.0000 0.0000 0.6127 0.1549
10 1.5837 1.4834 0.0255 0.1047 0.6472 0.0323
20 1.6357 1.5680 0.0201 0.1164 0.7349 0.2982
30 1.6848 1.6108 0.0166 0.0695 0.8468 0.3982
40 1.7145 1.6104 0.0669 0.0213 0.9594 0.4011
50 1.7209 1.5897 0.1132 0.0032 1.0498 0.4045
60 1.7049 1.5675 0.1440 0.0003 1.0890 0.4484
70 1.6704 1.5557 0.1527 0.0247 1.0546 0.5365
80 1.6265 1.5612 0.1382 0.0633 0.9503 0.6605
90 1.5863 1.5863 0.1051 0.1051 0.8067 0.8067
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From the tabulated resultswe see that themode I stress intensity
factor is dominant in the case of a = 0. In this case, we need to
compare the values of mode I stress intensity factor from different
methods. From the tabulated results we see that, the relative errors
are 1.35%, 0.16%, 2.30% and 4.38% for F1A, F1B, GA and GB,
respectively. In addition, the relative errors are 14.26%, 12.62% for
F2A, and F2B, respectively. Those results are reasonable simply
because the mode II stress intensity factors take a small value, and
the small value of mode II SIFs plays a minor factor in fracture
analysis. From the tabulated results we see that for all inclined
angles of crack the deviation for the dominant term of stress
intensity factor (mode I or II) from different methods is rather
small.Example 2. In the second example, two parallel cracks in series are
placed in a rectangular plate (h/b = 2) under a tension ry = p at the
upper and lower edges (Fig. 6b). In commutation, M = 15 discrete
points are assumed along the crack face for solving crack problem.
In addition, 15 divisions are assumed along the top and bottom
edges of plate, and 31 divisions along the left and the right edges
(Fig. 6b).
For the following cases: (a) a/b = 0.2, 0.5 and 0.8, (b) e/
b = 0.2,0.4, . . . ,1.6, the computed results for SIFs and T-stresses at
crack tip ‘‘A’’ are expressed as
K1A ¼ F1Aða=b; e=bÞp
ﬃﬃﬃﬃﬃﬃ
pa
p
; K2A ¼ F2Aða=b; e=bÞp
ﬃﬃﬃﬃﬃﬃ
pa
p ð37Þ
TA ¼ GAða=b; e=bÞp ð38Þ
The computed results are listed in Table 2.
For the 1st mode SIF, the stacking effect is signiﬁcant in the case
of a shorter crack. For example, in the case of a/b = 0.2 and e/b = 0.2,
we have F1A(a/b, e/b) = 0.8754 (<1). Generally, the SIF and T-stress
take a larger value in the case of a longer crack. For example, we
have
F1Aða=b; e=bÞja=b¼0:8 e=b¼1:8 ¼ 2:9949; and GAða=b; e=bÞja=b¼0:8 e=b¼0:2
¼ 2:5680:Fig. 7. Non-dimensional stress intensity factors F1A(h/b,a/b) for a rectangular
cracked plate (see Fig. 6d and Eq. (41)).Example 3. In the third example, two cracks in an inclined posi-
tion are placed in an elliptic plate with the size h = 0.5b and
a = 0.3b. A uniform tension with intensity ‘‘p’’ is applied at edge
of plate (Fig. 6c). Similar computation conditions in the second
example are used in the present example. Those conditions
include: (a) the M value used in the discretization of Fredholm
integral equation and (b) the number of divisions used along the
boundary of ﬁnite plate.For the following cases: a = 0,10, . . . ,90 (degree), the computed
results for SIFs and T-stresses at crack tip ‘‘A’’ and ‘‘B’’ are expressed
as
K1A ¼ F1AðaÞp
ﬃﬃﬃﬃﬃﬃ
pa
p
; K1B ¼ F1BðaÞp
ﬃﬃﬃﬃﬃﬃ
pa
p
K2A ¼ F2AðaÞp
ﬃﬃﬃﬃﬃﬃ
pa
p
; K2B ¼ F2BðaÞp
ﬃﬃﬃﬃﬃﬃ
pa
p ð39Þ
TA ¼ GAðaÞp; TB ¼ GBðaÞp ð40Þ
The computed results are listed in Table 3.
From computed results we see that, the inﬂuence of the elliptic
boundary to the solutions of SIFs and T-stresses is rather signif-
icant. For example, for a single crack in an inﬁnite palate with
Fig. 8. Non-dimensional T-stresses HA(h/b,a/b) for a rectangular cracked plate (see
Fig. 6d and Eq. (42)).
94 Y.Z. Chen, Z.X. Wang / International Journal of Solids and Structures 49 (2012) 87–94remote loading r1x ¼ r1y ¼ p, we always have T = 0. However, at
crack tip A, TA = 1.0890p in the case a = 60. Secondly, since the
tip ‘‘A’’ is near boundary than the tip ‘‘B’’, we have F1A > F1B in
general.Example 4. The fourth example is devoted to compare the results
from different sources of study (Fig. 6d). In the example, we
assume that the rectangular cracked plate has a uniform loading
‘‘p’’ applied at the top and bottom edges and the crack is in the cen-
tral position. The width and the height of the plate are 2b and 2h,
respectively. Similar computation conditions to the ﬁrst example
are used in the present example.
For the following cases: (a) h/b = 0.5 and 1.0, (b) a/
b = 0,0.1, . . . ,0.8, the computed results for SIFs and T-stresses at
crack tip ‘‘A’’ are expressed as
K1A ¼ F1Aðh=b; a=bÞp
ﬃﬃﬃﬃﬃﬃ
pa
p ð41Þ
TA ¼ HAðh=b; a=bÞ K1A
p
ﬃﬃﬃﬃﬃﬃ
pa
p 1 a
b
 1=2
p or HAðh=b; a=bÞð
¼ TA
ﬃﬃﬃﬃﬃﬃ
pa
p
K1A
1 a
b
 1=2
ð42Þ
The computed results for F1A(h/b,a/b) and HA(h/b,a/b) are plotted in
Figs. 7 and 8, respectively. Some results obtained by other research-
ers are also attached in two ﬁgures (Han and Dhanasekar, 2004;
Fett, 1998).
From Fig. 7 we see that, the deviations for the non-dimensional
SIFs obtained from two sources are acceptable. For the case of h/
b = 0.5 and a/b = 0.8, the relative error is about 5%. From Fig. 8 we
see that, the deviations for the non-dimensional T-stresses
between two sources are very small. In the plotted ﬁgure, two
curves from the present paper and Fett (1998) are merged into one
curve.4. Conclusions
In the usual BIE formulation, the traction at a domain point only
has a deﬁnite relation with displacements and tractions applied
along the edge of the interior region. Alternatively speaking, there
is no direct relation between the traction at a domain point with
those tractions applied on the boundary. This will be a difﬁcult
point for usage of the usual BIE to the present problem. Simply
using the inverse matrix technique, the difﬁculty is overcome.
Those derivations can be referred to Eqs. (20)–(24). This is a partic-
ular advantage in the present study.
Secondly, we have dealt with two couple integral equations in a
uniﬁedway. In fact, the tractionson crack faces and tractions applied
along the boundary are chosen as unknowns in the present study.
This can be seen from simultaneous algebraic Eqs. (31) and (32).
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